Bond graph theory is applied to the modeling and analysis of the vibration characteristics of the in-wheel motor driving vehicle. First, an 11-degree-of-freedom vibration model of the in-wheel motor driving vehicle is established based on bond graph, and then the correctness of the model is verified. Second, under the driving condition of class B road excitations and a speed of 50 Km/h, the vibration characteristics of the in-wheel motor driving vehicle are simulated and analyzed, and the activity of each part in the system is then calculated. Third, these parts that have less of an effect on the vibration characteristics of an in-wheel motor driving vehicle are identified according to the magnitude of the activity, and then the model is simplified by removing these parts. Finally, the reliability of the simplified model is verified by comparing the vibration characteristics of the model before and after simplification. This study can provide a method for the modeling and simulation of the vibration characteristics of the in-wheel motor driving vehicle.
Introduction
Vehicle vibration has always been a popular research topic in the field of vehicles, because the analysis of the vehicle vibration characteristics can effectively evaluate the vehicle ride performance. At present, most studies adopt Newton's second law method to model and analyze the vibration problems of vehicles.
The bond graph (BG) method was proposed by American H. M. Paynter, a professor in the late 1950s. The BG method can be used to solve the modeling problem of the system involved in the multienergy field from the power perspective [1] . Compared with the traditional modeling method, BG theory has the following advantages: (1) the BG theory can be applied in a unified way to address the multienergy forms of the system; (2) the modular modeling method simplifies the modeling of the complex system; and (3) based on the modeling idea on the energy transfer, it is easy to simplify the model [2] . Currently, only a few researchers have performed research using the BG method in the field of vehicle vibration. In one study [3] , a 5-degree-of-freedom vibration model for a traditional vehicle was established based on the BG method, and the simulation results were compared with real vehicle test data. In addition, the BG method was used to establish the power train model of an electric vehicle with a traditional chassis structure and deduce the state equation of system [4] . The BG theory was also applied for the analysis of the ride comfort of the terrain crane, and a 2-degreeof-freedom vibration model was established using the BG method [5] . In another study [6] , the active hydropneumatic suspension system of a multiaxle vehicle with a traditional chassis was analyzed based on the BG method. In summary, BG theory has been applied to vehicle dynamics analysis to some extent, but most of the research has focused on traditional vehicles. For the in-wheel motor driving vehicle (IWMDV), the chassis structure is different compared to that of the traditional vehicles; in addition, the motor, speed reducer, and brakes are all integrated into the wheel. The BG method is a physical object-oriented method. The difference in the chassis structure represents the differences in the physical and the BG model. Based on the above advantages, the BG theory is applied to the vibration analysis of the IWMDV in this paper. An 11-degree-of-freedom IWMDV physical model is developed first using the BG method for modular modeling and assembly. Next, the mathematical model is deduced, for which the validity is verified using Newton's second law. Based on the developed model, the vibration characteristics of the IWMDV are analyzed, and the activity of each part is calculated in the system. Taking advantage of the BG method, model reduction and model simplification are performed, and several of the parts that have little influence on the vehicle vibration are removed from the original physical model. Furthermore, the reliability of the model after simplification (MAS) is verified by the comparison analysis with the model before simplification (MBS). Figure 1 , the basic structure of the electric wheel is mainly composed of the following components: a motor stator, a motor rotor, brakes, wheel hub bearings, a rim, and a tire. In this structure, the motor housing and the rim are directly combined in one body; therefore, by controlling the motor rotor rotation, the vehicle can be directly driven [7] .
Vehicle Vibration Model

Electric Wheel Structure. As shown in
Physical Model of the Vehicle.
To facilitate analysis, the following hypotheses are applied to the vehicle physical model:
(1) the vehicle body is regarded as a rigid body; (2) the operating conditions are set for uniform linear driving; (3) the wheel hub bearing is equivalent to a springdamper; (4) the spring force is simplified as a linear function of displacement, and the damping force is simplified as a linear function of velocity;
(5) the vehicle body has 3 degrees of freedom (vertical, pitch, and roll), and the unsprung mass has 8 degrees of freedom in the vertical direction; that is, the vehicle has a total of 11 degrees of freedom.
Using the above hypotheses, the 11-degree-of-freedom physical model is established, as shown in Figure 2 .
In Figure 2 , is the body mass; is the distance from the center of the body mass to the front axle; is the distance from the center of the body mass to the rear axle; is the track width; is the vehicle pitching angle; is the vehicle roll angle; 1 and 4 are the tire stiffness and the suspension stiffness, respectively; 1 and 4 are the tire damping and the suspension damping, respectively; 1 is the total mass of the tire, rim, and motor rotor; 2 is the total mass of the motor stator and the brake, and so forth; 2 and 3 are the bearing stiffness; 2 and 3 are the bearing damping; 1 and 2 are the vertical displacements of the corresponding mass; is the vertical displacement of the connection point between the suspension and vehicle body; = , , , and represents the right front wheel, left front wheel, right rear wheel, and left rear wheel, respectively; and is the displacement input of the road surface roughness, where = 1, 2, 3, and 4.
The BG Model of the Vehicle
Basic BG Modeling
Method. For a mechanical system, the BG model includes five basic elements: R element represents damping, C element represents spring, I element represents mass or inertia, Se element represents the force source, and Sf element represents the velocity source; R element is the energy dissipation element and C and I elements are the energy storage elements. The five elements are linked by constant velocity 1-junctions, constant force 0-junctions, and transformer TF-junctions. The basic BG modeling method is as follows:
(1) Create 1-junctions for each absolute velocity and relative velocity in the model.
(2) Create 0-junctions and transformer TF-junctions between correlative 1-junctions to establish the relationships between the correlative absolute velocities and between the correlative relative velocity and absolute velocity using the relationship between the velocities with power flow direction.
(3) Connect the five basic elements to the corresponding 1-junctions with suitable causality.
Modular
Modeling. Modular modeling not only makes the establishment of the model clearer and easier but also makes modification of the model more convenient. The vehicle physical model shown in Figure 2 is modeled using the BG method.
In this modeling approach, a model can be divided into several subsystems; each subsystem is modeled, and then all subsystem models are combined to obtain the whole BG model of the vehicle [8] . The physical model shown in Figure 2 can be divided into five subsystems: the body system and four quarter car suspension systems. First, the BG models Figure 3 .
Next, the body system BG model is established, as shown in Figure 4 .
BG Model Combination.
The reserved ports LF, RF, LR, and RR in Figure 3 are first connected with the corresponding ports LF, RF, LR, and RR in Figure 4 . Then, the whole BG model of the vehicle can be obtained and further simplified as shown in Figure 5 .
Mathematical Model of the Vehicle
Definition of the BG Symbols.
Using the generalized variables defined in BG theory [1] , for mechanical translation, the generalized variables and represent displacement and momentum, respectively, whereas, for mechanical rotation, and represent angle and angular momentum, respectively. In addition, the generalized variableṡanḋare the derivatives of and with respect to time, respectively. Likewise, for machine translation,̇anḋrepresent velocity and force, respectively, and for mechanical rotation,̇anḋrepresent angular velocity and torque, respectively.
Each element in the BG model has a subscript, and each subscript corresponds to a different element. The elements , ,, anḋwith different subscripts refer to the corresponding symbol meaning of the corresponding element.
State Equation of the BG Model.
According to the BG model of the vehicle, the causality and power flow direction are analyzed by the BG method, and then the vehicle state equation of the BG model is expressed as follows [9] .
The vertical velocity equation of 1 iṡ
(
The vertical velocity equation of 2 iṡ
The vertical velocity equation of 2 iṡ The vertical motion equation of the four endpoints of the vehicle body can be obtained: 
Shock and Vibration 
Validation of the BG Model
The Mathematical Model Developed Using the Newton
Method. Based on the physical model in Figure 2 , the mathematical model is derived using Newton's second law; a description is given as follows.
The vertical motion equations of the unsprung masses are
Shock and Vibration
The vertical, pitch, and roll motion equations of the vehicle body arë The vertical motion equations of the four endpoints of the vehicle body arė=̇+̇+
Model Validation.
To verify the correctness of the BG model in Figure 5 , the state equations deduced by the BG model are translated into the form of motion equations deduced by Newton's second law. The transformation method is based on the relationship between the symbol in the state equations and the symbol in the Newtonian equations; accordingly, the state equations are converted into the Newtonian equations. From (1), (2), and (13), the following expression is obtained:
From (2), (9), and (14), the following expression is obtained:
(28) From (3), (4), and (15), the following expression is obtained:
Shock and Vibration 7 From (4), (10) , and (16), the following expression is obtained:
From (5), (6) , and (17), the following expression is obtained:
From (6), (11) , and (18), the following expression is obtained:
From (7), (8) , and (19), the following expression is obtained: 
From (9), (10), (11), (12), and (21), the vertical motion equation of the vehicle body is obtained: 
(36) From (9), (10), (11) , (12), and (23), the roll motion equation of the vehicle body is obtained:
From (9), (10), (11), and (12), the vertical motion equations of the four endpoints of the vehicle body are obtained:
In comparing this mathematical model with the mathematical model deduced using Newton's second law, both are the same; as a result, the correctness of the BG model is verified.
Model Simplifications and
Comparative Analysis Figure 2 shows that there are many parts in the physical model; this larger number of parts will affect the subsequent vibration characteristic analysis. Because some parts have less of an effect on vehicle vibration characteristics, these parts can be identified through simulation and analysis and subsequently removed, thereby simplifying the model.
Model Simplification.
The simplified model approach is as follows: according to the change in power of each part in the system over time, the sum of the energy absorption and release of each part at a given period of time is calculated. The relevant calculation formula of the power for each part is calculated by
where ( ) represents the sum of the energy absorption and release of each part in the system at a given period of time and ( ) represents the power changes over time of each part. The above approach is used to judge the activity of each part in the system. This activity is represented by the sum of energy absorption and release by each part at a given period of time as a percentage of the sum of energy absorption and release by the whole system (all parts) at this period of time. The low activity of some parts illustrates that the impact of the parts on the vehicle vibration characteristics is small; thus, the activity of these less relevant parts is easily identified, and such parts can be removed to simplify the model. 
The Vehicle Parameters.
The parameters of the IWMDV model are given as shown in Table 1 .
Time Domain Model of the Road Surface Roughness
Excitation. In the vehicle vibration characteristics analysis, the road correlation of the four wheels should be considered. In this paper, a four-wheel correlation time domain model of road roughness excitations is built up [10] . The state equation of the four-wheel related road excitation is given as follows:
where Substituting the above road surface roughness excitation into the BG model of the vehicle, the sum of energy absorption and release of each part in the system within 10 s can be calculated by (39). Then, the power for each part can be calculated as a percentage of the sum of energy absorption and release of the whole system during this period. The statistical data are listed in Table 2 .
As observed from the data in Table 2 , the percentage of the parts 2 , 3 , 1 , 2 , and 3 is less than 0.5%, which indicates that the activity of these parts is low. As a result, the impact of these parts on the vehicle vibration characteristics can be ignored, and the model can be simplified and ultimately obtained (as shown in Figure 7) . In this simplified model, the mass of 2 , 2 , 2 , and 2 is combined with the mass of 1 , 1 , 1 , and 1 , respectively, yielding the combination masses , , , and , respectively, for the whole in-wheel motor as a rigid body.
Simplified Mathematical Model.
The BG model of the simplified physical model is established in this section. Because this model is similar to the BG model shown in Figure 5 , we can eliminate the parts with low activity from Figure 5 directly. The simplified BG model can be obtained, which is shown in Figure 8 . In this figure, in addition to the symbol , , , and represent the summation of
, and 2 & 1 , respectively; the other symbols are the same as described in Figure 5 .
Similarly, according to Figure 8 , the state equations of MAS are obtained as follows.
The vertical velocity equation of iṡ
The vertical force equation of iṡ 
The vertical force equation of iṡ
The 
The vertical velocity equations of the four endpoints of the vehicle body are the same as (9), (10), (11) , and (12).
Comparison and Analysis.
Consistent with the previous model parameters, the contrast results of the four-wheel dynamic tire loads, the four-wheel suspension dynamic travel, the body vertical acceleration (BVA), the body pitching angle acceleration (BPAA), and the body roll angle acceleration (BRAA) between the MBS and the MAS are obtained by using Matlab/Simulink simulation analysis. The simulation results are depicted in Figures 9-13 . Figure 9 includes four figures: the contrast results of the left front wheel tire dynamic load (LFWTDL), the right front wheel tire dynamic load (RFWTDL), the left rear wheel tire dynamic load (LRWTDL), and the right rear wheel tire dynamic load (RRWTDL). From the above simulation results, the root mean square values (RMSVs) of the dynamic tire loads, suspension dynamic course, BVA, BPAA, and BRAA between MBS and MAS are compared and analyzed; the contrasting data of the MBS and MAS are listed in Table 3 .
MBS MAS
The statistical data in Table 3 indicates that the change in vibration response variables of the MBS and MAS as well as the RMSV of the LFWTDL, RFWTDL, LRWTDL, and RRWTDL is larger relatively, whereas changes in the other vibration response variables are smaller. The maximal difference is only 5.47%. These observations illustrate the reliability of the MAS based on activity.
Conclusions
Based on the modeling and analysis of the IWMDV vibration characteristics, the following conclusions can be drawn:
(1) The BG theory is found to be clearly superior in performing dynamics analysis. The BG method is a physical object-oriented method, and the BG modular modeling approach simplifies the modeling of the complex system; thus, the BG model is advantageous for performing model modification. Using the BG model, the state equations of the model are deduced directly, which is beneficial for subsequent analysis of the IWMDV vibration characteristics. (2) By calculating the activity of each part in the system, the parts that are less influential to the IWMDV vibration characteristics can be effectively identified and then removed to simplify the model. The reliability of the MAS is verified based on the contrastive analysis. (3) Without considering the in-wheel motor excitation, the in-wheel motor can be analyzed as a whole rigid body, and the tires can be simplified as a spring in the vehicle vibration analysis. In summary, this study can provide a method for the modeling and simulation of the vibration characteristics of the IWMDV.
